ABSTRACT. The transfer is a group homomorphism from a finite group to an abelian quotient group of a subgroup of the group.
INTRODUCTION
The transfer was defined by Issai Schur [6] . It is a group homomorphism from a finite group to the abelianization of a subgroup of the group. In finite group theory, the transfer plays an important role in transfer theorems. On the other hand, Eduard Study defined the determinant of a quaternionic matrix [7] . This Study determinant uses a regular representation from Mat(n, H) to Mat(2n, C) where H is the quaternion. We define a noncommutative determinant that generalizes the Study determinant. It is similar to the Dieudonné determinant [2] .
Tôru Umeda suggested that the transfer can be derived as a noncommutatvie determinant [8, Footnote 7] . In this paper, we develop his ideas to explain some properties of the transfer using the noncommutative determinant. As a result, we can understand the properties of the transfer more naturally.
Let G be a group, H a subgroup of G of finite index, K a normal subgroup of H and the quotient group H/K of K in H is an abelian group. The transfer of G into H/K is a group homomorphism V G→H/K : G → H/K. The definition of the transfer V G→H/K uses left (or right) coset representatives of H in G. We can show that the tranfer has the following properties.
(1) The transfer is a group homomorphism from G to H/K. Let R be a commutative ring with unity, RG the group algebra of G over R whose elements are all possible finite sums of the form g∈G x g g, x g ∈ R and m is the index of H in G. The noncommutative determinant uses a left (or right) regular representation from RG to Mat(m, RH). We can show that the noncommutative determinant has the following properties.
(
The determinant is an invariant under change of a regular representation. (3 ′ ) Any left regular representation is equivalent to any right regular representation. Our result is to obtain the properties of the transfer (1), (2) and (3) by the properties of the noncommutative determinant (1 ′ ), (2 ′ ) and (3 ′ ).
Definition of the transfer
In this section, we define the left and right transfer of
That is, we take a complet set {t 1 , t 2 , . . . , t m } of left coset representatives of H in G.
We define g = t i for all g ∈ t i H.
Definition 1 (Left transfer).
We define the map
We call the map V G→H/K the left transfer of G into H/K.
Next, we define the right transfer of
That is, we take a complete set {u 1 , u 2 , . . . , u m } of right coset representatives of H in G.
We define g = u i for all g ∈ Hu i .
Definition 2 (Right transfer). We define the map
We call the map V G→H/K the right transfer of G into H/K.
The definition of the left and right transfer use a coset representatives of H in G. But, we can show that the left and right transfer are an invariant under change of a coset representative. Furthermore, we can show that the transfer is a group homomorphism from G to K and the transfer by left coset representatives equals the transfer by right coset representatives.
Definition of the noncommutative determinant
In this section, we define the noncommutative determinant. First, we define a left regular representation of RG. We take a complete set T = {t 1 , t 2 , . . . , t m } of left coset representatives of H in G.
Definition 3 (Left regular representation).
For all α ∈ RG, there exists a unique L T (α) ∈ Mat(m, RH) such that
We call the map L T : RG ∋ α → L T (α) ∈ Mat(m, RH) the left regular representation with respect to T .
Example 4. Let G = Z/2Z = {0, 1}, H = {0} and α = x0 + y1 ∈ RG. Then we have (x0 + y1)(0 1) = (0 1) x0 y0 y0 x0 .
To give an expression for L T , we define the mapχ bẏ
for all g ∈ G.
Lemma 5. Let α = g∈G x g g. Then we have
Proof. We have
This complets the proof.
From Lemma 5, we have
For definition of the noncommutative determinant, let ψ : Mat(m, RH) → Mat (m, R (H/K)) be the map such that
Obviously, ψ is an R-algebra homomorphism.
Definition 6. We define the map Det : Mat(m, RG) → R (H/K) by
Thus the determinant is an invariant under change of a left regular representation, so the determinant Det is well-defined. If K is the commutator subgroup of H. Then the determinant is similar to the Dieudonné determinant. Obviously, the map Det is a homomorphism. That is, Det(αβ) = Det(α)Det(β) for all α, β ∈ RG.
Therefore, we obtain the properties (1 ′ ) and (2 ′ ).
Proof of the properties
In this subsection, we prove the properties of the transfer by using the noncommutative determinant's properties.
Since for all g ∈ G and for all t ∈ T , there exists a unique t j ∈ T such that t
Thus we have
Hence we obtain sgn(gh) = sgn(g)sgn(h),
Therefore, from the property (1 ′ ) that the determinant Det is a homomorphism, the left transfer V G→H/K is a group homomorphism (Assuming that is R = F 2 , we are not considering that the signature).
Next, we show that the left transfer is an invariant under change of coset representatives by the property (2 ′ ) that the determinant is an invariant under change of a regular representation. That is, we show that
Therefore, we have sgn(g)sgn ′ (g) = 1 and
Hence the left transfer is an invariant under change of coset representatives. We show that the property (3) that V G→H/K = V G→H/K by the property (3 ′ ) that any left regular representation is equivalent to any right regular representation.
Let G = Hu 1 ∪ Hu 2 ∪ · · · ∪ Hu m . That is, we take a complete set U = {u 1 , u 2 , . . . , u m } of right coset representatives of H in G.
We call the map R U : RG ∋ α → R U (α) ∈ Mat(m, RH) the right regular representation.
The same as the left transfer, we can show that the following lemma.
Therefore, there exists sgn(g) ∈ {−1, 1} such that
and V G→H/K is an invariant under change of coset representatives of H in G. We have the properties (1) and (2) . From T is a complete set of left coset representatives of H in G, we can take a complete set of T −1 = {t i g(t
We obtain the property (3 ′ ). As a result,
Therefore, we have sgn(g) = sgn(g),
We obtain the property (3).
